
CLASSIFICATION OF LOW DIMENSIONAL
SUSY-EXTENSIONS OF CW-SPACES

FRANK KLINKER

Abstract. We will give here a brief summary of the classification result from
our habilitation thesis Supersymmetric extensions of solvable Lorentzian sym-
metric spaces, 2013.

Introduction and Summary

Introduction.1 Supersymmetry can be seen as an extension of the set of isome-
tries of a given manifold in a natural way. It has been identified in the 1970th
as a fundamental symmetry to overcome the obstructions due to the Coleman-
Mandula Theorem. The mentioned Theorem states that some basic physical
predictions force the symmetry algebra of a field theory to be a trivial extension
of the Poincaré-algebra p(3, 1) := so(3, 1) nR3,1. I.e. any additional fields that
are in a representation of some internal symmetry group G are acted upon triv-
ially by p(3, 1) such that the full symmetry algebra is a direct product p(3, 1)×g,
see [14].
The authors in [23] dropped one of the basic assumptions and proved that there
exists indeed a non-trivial extension of p(3, 1) such that the generators mix non-
trivially. For this they need to allow algebras that are no longer Lie algebras but
super Lie algebras. Such algebras admit generators that obey anti-commutation
instead of commutation relations. They proved that a minimal extension has to
be of the form p(3, 1)×S with S being a spin representation of so(3, 1) and R3,1

acting trivially. Furthermore, the bracket of two fermionic generators close into
R3,1 and some kind of super Jacobi identity has to be satisfied such that we ends
up with the so called super Poincaré algebra. This Theorem is known as the
Haag-Lopuszanski-Sohnius Theorem. With some effort this can be extended to
various dimensions, provided there exists some Spin-invariant symmetric bilinear
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map on S that closes into the vectors. Such bilinears are fully classified, see [1, 24]
or [12].
Coming from this flat situation its the next step to look for superalgebras that
generalize the super Poincaré algebra for curved manifolds. There are two dif-
ferent points of view. On the one hand, we can look for such super algebra
as a subalgebra of the vector fields of certain super manifolds; see for example
[2, 27, 29] for a representation on graded manifolds and their deformed variants,
or the nice books [4, 22] for a general discussion of supersymmetry in superspace
formulation, and [15] for the particular dimension eleven. On the other hand, we
can stay more close to the flat situation and directly ask if an extension of the
isometries to a super Lie algebra exists. Here we will follow the second approach.
The class of manifolds that we concentrate on in our text are solvable Lorentzian
symmetric spaces. They have been introduced in [10] and thus a frequently used
name for such spaces is Cahen-Wallach spaces. Other names that are also com-
mon in physics literature are KG-spaces or pp-waves, although they only form
a special class among them. For the description and classification of solvable
symmetric spaces of signature greater than one, see [10, 37] or the nice cohomo-
logical description in [25]. Although the construction of Cahen-Wallach spaces
at first glance seems to be not very involved, their applications are rich. From
a differential geometrical point of view they play a role in the classification of
holonomy groups of Lorentzian manifolds, see [8, 34].
In view of our text, both terms – supersymmetry and solvable Lorentzian symmet-
ric space – are considered together. In general, manifolds that allow supersymme-
try are used as basic candidates for supergravity backgrounds and therefore are
the natural objects in high energy physics. Among these, homogeneous spaces –
and in particular the special kind of manifolds considered here – often appear in
this context, because they have a large space of isometries and admit many super-
symmetry generators, see for example [13, 19, 17, 20, 21, 36]. A supersymmetry
generator of a supergravity background M is basically a section ξ in a bundle S
over M that satisfies a first order differential equation Dξ = ∇ξ + Ωξ = 0 with
Ω being a one-form with values in the endomorphism of S. In this context S is
the spinor bundle or some twisted version of it and D is a connection on this
bundle. The spinors with Dξ = 0 are usually called Killing spinors, although the
term classically describes a more special situation with Ω(X)ξ ∼ Xξ, see [5, 6],
for example.
There is some further structure that is necessary for supergravity. Firstly, the
Killing spinors have to be compatible with the isometries represented by the
Killing vector fields and, secondly, two Killing spinors must be able to be com-
bined to a Killing vector field. Last but not least, Killing vector fields and Killing
spinors have to form a super Lie algebra. The approach in the cited literature to
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get manifolds that allow supersymmetry usually is local and the fields that enter
into the discussion are limited by construction. On the one hand, we use the
homogeneous structure of the manifold to overcome the local description and use
a more algebraic one. Nevertheless, using a particular frame, for example coming
from the Maurer-Cartan form, would provide us with the possibility to ”localize”
our results, see [10] for this special situation and [3] for a more general discussion.
On the other hand, we forget about supergravity that might limit the form of
the fields and the dimension of interest. We start with the following question:
What connections on a solvable Lorentzian symmetric space allow supersymme-
try? First attempts toward this question have been made in [39], though with
a very restrictive constraint on the closing of the algebra. Nevertheless, the au-
thor’s description of representation of the Heisenberg algebra on spinor modules
turn out to be useful for the first part of our text, in particular Section 3.
The answer of the question is addressed in several steps that also reflect the
organization of our text. We begin by considering a quadratic relation on pairs
of elements of the complex Clifford algebra of a real vector space. We give several
solutions of this relation and discuss them in detail, see Propositions 1.5 and 1.8
with Table 1 and Propositions 1.21 and 1.23. In fact, the examples we present are
complete in a sense that will become clear later in the text. After shortly recalling
the notion of solvable Lorentzian symmetric spaces and its construction in Section
2 we turn to the first important ingredient of the construction of superalgebras,
the so called Clifford maps and Clifford representations, in Section 3. We first give
a general definition and discuss the relation of our notion to special connections
on homogeneous spaces. Although Clifford maps have a very geometric meaning
we prefer our notion due to the algebraic nature of our approach. Next we turn to
the manifolds of interest and classify their irreducible Clifford maps and Clifford
representations. The result is collected in Theorems 3.9 and 3.10. In particular,
in the most general applicable situation of Theorem 3.9 the maps depend on pairs
that are related to the ones discussed in the first section.
In Section 4 we turn to the main part of our text, i.e. to the systematic description
and classification of solvable Lorentzian symmetric spaces that allow supersym-
metry. We start with Definition 4.1 which is formulated for general homogeneous
spaces. One major ingredient is a bilinear map on a spinor bundle that takes
its values in a Lie algebra that is closely related to the ones that come from the
underlying homogeneous structure. The bilinear map fulfills a compatibility con-
dition that turns the Lie algebra into a super algebra or a super Lie algebra, see
Definition 4.1(iv) and (v). Moreover, we specify one part of this bilinear map, see
Definition 4.4. In Section 4.2 we again turn to our special class of manifolds and
describe in detail the conditions on the bilinear map such that a super extension
of a solvable Lorentzian symmetric space exists. We do this for the irreducible
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situations according to Theorems 3.9 and 3.10 in Section 4.2.1 and 4.2.2, sepa-
rately. The results are collected in Theorems 4.14 and 4.24, respectively. The
subsequent Section 5 addresses the question whether such a super extension is
a SUSY extension. We give the general results in Theorems 5.4 and 5.6. We
use the results to classify all irreducible SUSY extensions of solvable Lorentzian
symmetric spaces in Sections 5.2 and 5.3. The results are collected in Tables 2
and 3.
The odd part of the super extension is allowed to be reducible in Section 6.
This has been denoted by N -SUSY extension in Definition 4.1. After a general
discussion we consider a particular situation that allows to carry over the tools
we developed before. In particular, we are in the position to fill gaps in the
low dimensional classification of the preceding section, see Table 4. Although we
started the reducible case to fill the gaps in low dimensions, our construction may
yield further SUSY extensions in any case. In Table 5 we give a list of 2-SUSY
extension. It particular, Tables 2, 4, and 5 together give a complete list of natural,
flat N -extensions up to dimension eleven for N ≤ 2. An additional feature that
is present in these low dimensions is a restriction on the eigenvalue structure of
the symmetric map B that enters into the construction of the solvable Lorentzian
symmetric space, see Theorem 6.14. Due to the structure of the extensions there
is a close relation to the irreducible situation that is described in Section 6.3. This
leads to a way to obtain N -SUSY extensions from irreducible super extensions
by a procedure we call truncation. In this context we also discuss the case where
the super extension is itself a SUSY extension, such that the two algebras may
be considered as reduction or oxidation of each other.

Summary. In this text we systematically discuss supersymmetry on solvable
Lorentzian symmetric spaces. We provide conditions for spinor connections to
allow supersymmetry by explicitly describing the bracket structure. We develop
in detail the necessary notions and tools for flat connections. With that we show
that in any dimension up to eleven non-trivial, at most canonically restricted,
irreducible supersymmetry exists and we extend the list of examples that can be
found in the literature to a full classification. We also extend this classification
by a complete list of N = 2-extended natural supersymmetries.
By presenting further examples – for N > 2, non-natural, non canonically re-
stricted, or non-flat – we show how our tools can be applied to the general sit-
uation. In particular, we show that in any dimension that allows an irreducible
super extension a non-trivial 3/4-restricted supersymmetry is possible.
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Brief Summary of the Classification

Definition 1. Let (V, g) be a Euclidean vector space and C`(V ) as above. For
a, b ∈ C`(V ) consider the map qa,b : C`(V )→ C`(V ) that is defined by

qa,b(x) := a2x+ xb2 − 2axb . (1)

A quadratic Clifford pair is a pair (a, b) ∈ C`(V )× C`(V ) that obeys

(i) qa,b(V ) ⊂ V and
(ii) qa,b restricted to V is g-symmetric, i.e. qa,b

∣∣
V
∈ End(V ).

We call the quadratic Clifford pair (non)-degenerate if qa,b is a (non)-degenerate
symmetric map and we call it associated to B ∈ End(V ) if qa,b

∣∣
V

= B.
For a, b ∈ C`(V ) the map qa,b is the square of the map sa,b with sa,b(x) := ax−xb.

Proposition 2. Two monomials c = αΓI , d = βΓJ yield a non-degenerate
quadratic Clifford pair if and only if the index sets I and J coincide up to order
or one of both is empty. If I and J coincide up to order and Î > 0, the eigenvalues
of qc,d are up to sign given by (α± β)2 with multiplicities Î and dimV − Î.

Proposition 3. For a particular choice of parameters the approach c = (αΓI +
βΓJ)ΓK , d = (γΓI + δΓJ)ΓK with non-vanishing scalars α, β, γ, δ and I ∩ J =
I ∩ K = J ∩ K = ∅ yields non-monomial quadratic Clifford pairs. Moreover,
B 6∼ 1 and non-degenerate if and only if the combination is from Table 1.

Table 1. Non-monomial, non-degenerate quadratic Clifford
pairs with B 6∼ 1

Pair Eigenvalues(
(α+ βΓ∗)ΓI , (α+ βΓ∗)ΓI

) {
4σIα2 , Î even
4σIβ2 , dimV − Î even(

(α+ βΓ∗)ΓI ,−(α+ βΓ∗)ΓI
) {

4σIβ2 , Î even
4σIα2 , dimV − Î even(

α(cos(φ) + sin(φ)Γ∗)ΓI ,
β(cos(φ)− sin(φ)Γ∗)ΓI

) {
σI(α− β)2 cos(2φ) , Î odd
σI(α+ β)2 cos(2φ) , dimV − Î odd

Definition 4. The pairs from Table 1 are called pseudo-monomial quadratic
Clifford pairs of even and odd type, respectively.

1We use in our summary of the classification a consistent numbering that is different from
the one in the thesis and the introduction.
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Definition 5. Consider the square root of qa,b given by sa,b : x 7→ ax − xb. We
call a pair (a, b) ∈ C`(V ) linear if sa,b restricted to V ⊗C has image in V ⊗C.
Proposition 6. A quadratic Clifford pair is linear if and only if it is of the form
(0, β) with a scalar β or (A,A) with A = A0 + iA1 ∈ C`2(V ) such that A0 and
A1 anti-commute when considered as endomorphisms of V .
Proposition 7. Consider c =

∑
α cαΓIα and d =

∑
α dαΓIα with dα = εαcα for

εα ∈ {±1}, Iα ∩ Iβ = ∅ for α 6= β, and
(⋃

α Iα
){ = ∅. Furthermore, let the

amount of summands in c be bigger than two. Then (c, d) is a non-degenerate
quadratic Clifford pair if and only if Îα is even for all α in even dimension and Îα
is even up to one exception in odd dimension. Furthermore we have εα = (−1)Îα.
In this situation the eigenvalues of qc,d are given by 4σIαc2

α with multiplicities Îα.
Proposition 8. Consider c =

∑
α cαΓIα + Γ∗

∑
α ĉαΓIα and d =

∑
α εαcαΓIα +

Γ∗
∑
α ε̂αĉαΓIα with εα = −ε̂α = (−1)Îα. Then (c, d) yields a non-degenerate

quadratic Clifford pair if and only if it is of one of the following types:

(1) All summands are even with ĉαcα = 0 for all α, i.e. only one of ΓIα and
Γ∗ΓIα contributes to c and d.

(2) Two summands are odd, e.g. Îα0 , Îα1, and all others are even with ĉα = 0
as well as cα0cα1 = ĉα0 ĉα1. For example:(

c = cα0(γ + Γ∗)ΓIα0
+ cα1(1 + γΓ∗)ΓIα1

+
∑

Îα even

cαΓIα ,

d = −cα0(γ − Γ∗)ΓIα0
− cα1(1− γΓ∗)ΓIα1

+
∑

Îα even

cαΓIα
)

if ĉ0, c1 6= 0.
Definition 9. The quadratic Clifford pairs of Propositions 7 and 8 are called
generalized monomial. We denote them by the sequence of the lengths that
uniquely determine their type, e.g. (2, 4, 6), (3, 2, 2, 6), or (2, 2̄, 4, 6̄), (3, 5, 2, 6).
Here 2̄ denotes a contribution in case 1 which come with Γ∗.
Proposition 10 ([10]). Solvable Lorentzian symmetric spaces are in one-to-one
correspondence with triples (V, 〈·, ·〉, B) with

− V is an n-dimensional real vector space,
− 〈·, ·〉 is a block-diagonal Lorentzian metric on W := V ⊕ R2 such that
g := 〈·, ·〉

∣∣
V

is positive definite,
− B ∈ End(V ) is symmetric with respect to g

g = V ∗ ⊕W = V ∗ ⊕ (V ⊕R+ ⊕R−) is a Lie algebra subject to the commutation
relations

[v∗, w] = −v∗(Bw) · e+ = −〈Bv,w〉 · e+ , (2)
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[v∗, e−] = Bv , (3)
[e−, w] = w∗ , (4)

and all other combinations vanishing. The associated symmetric space is denoted
by MB.

− 〈·, ·〉 is extended to a bi-invariant metric on g by 〈v∗, w∗〉 = 〈Bv,w〉. This
makes the decomposition g = V ∗⊕W an orthogonal splitting and the isom-
etry algebra of MB is given by

isom(MB) = soB(V )⊕ V ∗ ⊕W (5)
with

soB(V ) =
{
A ∈ so(V ) | [A,B] = 0

}
=
{
A ∈ so(V ) | [A, v∗] = (Av)∗

}
.

(6)

− MB is indecomposable if and only if B is non-degenerate.
− Two Lorentzian spaces defined by symmetric maps B1 and B2 are isometric

if and only if B1 and B2 are conformally equivalent.

Definition 11. Let h ⊆ soB. A Clifford map of (MB, h) is a h⊕ V ∗-equivariant
linear map ρ : g ⊕ h → C`(W ). Moreover, the image of ρ is considered to act
on a Clifford module S = S(W ) and the restriction to V ∗ ⊕ h is fixed to be the
spin-representation.

Definition 12. A Clifford representation of (MB, h) is a Clifford map ρ that is
a representation of g⊕ h on the Clifford module S.

Notation 13. A Clifford map ρ is called simple if h = 0. It is called irreducible
if S is, otherwise it is called reducible.

Proposition 14 ([30]). Clifford maps correspond to spinor connections on MB

and Clifford representations correspond to flat spinor connections. The latter
because of

Rρ(x, y) =
[
ρ(x), ρ(y)]− ρ([x, y]W )− Γ([x, y]V ∗) (7)

for all x, y ∈W .

Proposition 15. A simple Clifford map of MB is given by

ρ(v∗) = 1
2Γ+ ⊗̂Bv , (8)

ρ(e+) = Γ+ ⊗̂ a , (9)
ρ(e−) = σ− ⊗̂ c+ σ+ ⊗̂ d+ Γ+ ⊗̂ e− Γ− ⊗̂ b , (10)

ρ(w) = −σ− ⊗̂wb− σ+ ⊗̂ b̄w −
1
2Γ+ ⊗̂ sc̄,d(w) , (11)

with a = α+βΓ∗ and b = −α+βΓ∗ if dim(V ) is even and a = −b = α if dim(V )
is odd.
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Theorem 16. Any simple irreducible Clifford representation of MB with ρ(e+) =
0 is given by

ρ(v∗) = 1
2Γ+ ⊗̂Bv , ρ(w) = −1

2Γ+ ⊗̂ sc̄,d(w)

ρ(e−) = σ− ⊗̂ c+ σ+ ⊗̂ d+ Γ+ ⊗̂ e
(12)

with (c̄, d) being a quadratic Clifford pair representing the symmetric map −B.
In particular, e ∈ C`(V ) is a free parameter of the representation.

Theorem 17. A simple Clifford representation of MB with ρ(e+) 6= 0 is only
possible in even dimension and for B = −2λ1. It is given by
ρ(v∗) = − λΓ+ ⊗̂ v , ρ(e+) = αΓ+ ⊗̂Π± ,

ρ(e−) = ρ01 ⊗̂1+ (αΓ− + βΓ+ +
√

2(αβ + λ)σ) ⊗̂Π∓

+ σ− ⊗̂ c±∓ + σ+ ⊗̂ d∓± + Γ+ ⊗̂ (e+
− + e−+ + e±±)

ρ(v) = ασ− ⊗̂Π±v + ασ+ ⊗̂Π∓v +

√
αβ + λ

2 Γ+ ⊗̂ v + 1
2Γ+ ⊗̂ sc̄±

∓,d
∓
±

(v) .

(13)

The free parameters that describe the representation are the scalars α, β, ρ0 and
the Clifford element e±±. The further contributions are related by√

2αse±
∓,−e

∓
±

(v) =
√
αβ + λ sc̄±

∓,d
∓
±

(v) for all v ∈ V .

Proposition 18. (1) The simple Clifford representations of Theorem 16 ex-
tend to non-simple ones if and only if c, d and e are invariant with respect
to h ⊂ soB(V ).

(2) The simple Clifford representations of Theorem 17 extend to non-simple
ones for all choices of subalgebras of so(V ) for some special choices of
parameters.

Definition 19. A super extension of (MB, h) is a linear super space ĝ with

(i) ĝ0 = g⊕ h,
(ii) a Clifford map ρ of (MB, h) that defines an invariant connection with cur-

vature Rρ on the Clifford module S(W ).
(iii) ĝ1 = S̃ with S̃ ⊆ ker(Rρ) ⊂ S(W ) such that ρ acts on S̃.
(iv) a symmetric map {·, ·} : S̃ ⊗ S̃ → ĝ0 that is compatible with the Clifford

map, i.e. {ρ(x)ξ, η}+ {ξ, ρ(x)η} = [x, {ξ, η}] for all x ∈ ĝ0, ξ, η ∈ S̃.

The product that is defined by [x, y] := [x, y], [x, ξ] = −[ξ, x] := ρ(x)ξ and
[ξ, η] := {ξ, η} for x, y ∈ ĝ0, ξ, η ∈ S̃ turns ĝ into an anti-commutative superal-
gebra. A super extension of (MB, h) is called supersymmetry extension or SUSY
extension if ĝ is a super Lie algebra, i.e. if

(v) [{ξ, ξ}, ξ] = 0 for all ξ ∈ S̃
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holds in addition to (i)-(iv).

Notation 20. − A super extension is called flat if ρ is a Clifford representa-
tion, i.e. Rρ = 0.

− A super extension (SUSY extension) is called restricted if (iv) ((iv) or (v))
is only obtained for S̃ being a proper subset of ker(Rρ) subject to some
further algebraic conditions. In particular, a non-restricted super extension
with g1 = S is necessarily flat.

− A restriction is called canonical restriction if it commutes with the action
of C`even(V ).

− Moreover, the extension is called minimal if there is no subalgebra h′ ⊂ h
such that the restriction to g⊕ h′ remains a super extension.

− In analogy to the notations introduced for Clifford maps, we call the super
extension irreducible or reducible if ρ is irreducible or reducible, respectively.
More precisely, if it is modeled on S ⊗CN with S irreducible, we call it an
N -super extension. Finally, the extension is called simple if h = 0

− The map sending S̃⊗ S̃ to zero satisfies all conditions of a SUSY extension.
This extension is called trivial SUSY extension.

Definition 21. (1) Let C be a charge conjugation on S such that C1 obeys
∆1 = 1 where C1 and ∆1 are defined by

〈C1(ξ, η), X〉 := C(ξ,Γ(X)η) = ∆1C(η,Γ(X)ξ) (14)

for all x ∈ W . Then the projection of the bilinear map {·, ·} : S ⊗ S → ĝ0
to W is defined by

{·, ·}W := C1 . (15)

(2) If S is not irreducible but a twisted bundle, we may replace C by C⊗τ with
a bilinear form τ on the twisting factor. In this way we may also overcome
the symmetry condition.

(3) The map {·, ·}W is extended uniquely by two suitable maps {·, ·}V ∗ and
{·, ·}so to an V ∗ ⊕W -equivariant map {·, ·} : S ⊗ S → ĝ0.

Proposition 22. Let c, d ∈ C`(V ) be invariant with respect to soB(V ). Then
{·, ·}so from Definition 21 takes its values in this subalgebra of so(V ) if and only
if

c = c0 + ĉ0Γ∗

d = d0 + d̂0Γ∗
(16)

if B = λ1,
c = (c0 + ĉ0Γ∗) + (c1 + ĉ1Γ∗)ΓI1

d = (c0 − (−1)dim(V )ĉ0Γ∗) + (d1 + d̂1Γ∗)ΓI1

(17)
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if the number of different eigenvalues of B is two, and

c = (c0 + ĉ0Γ∗) +
∑
α

(cα + ĉαΓ∗)ΓIα

d = (c0 − (−1)dim(V )ĉ0Γ∗) +
∑
α

(−1)Îα(cα − (−1)dim(V )ĉαΓ∗)ΓIα
(18)

if the number of different eigenvalues of B exceeds two. If the dimension of V is
odd, we may choose ĉα = d̂α = 0 because Γ∗ = ±1.

Theorem 23. Let MB a solvable Lorentzian symmetric space associated to the
non-degenerate symmetric map B on V . Define the map

{·, ·} : S ⊗ S → V ∗ ⊕ so(V )⊕W (19)

according to Definition 21. Then the Clifford representation of Theorem 16 yields
a non-restricted irreducible super extension of MB that is minimal with h′ =
soB(V ) only if the C`(V )-parameters obey e = 0, c, d leave the charge conjugation
invariant, and (c, d) is

− a pair of pseudo scalars if B ∼ 1,
− a monomial or a pseudo-monomial quadratic Clifford pair if B admits two

different eigenvalues, and
− a generalized monomial quadratic Clifford pair according to Propositions 7

and 8 if B admits more than two different eigenvalues.

The first case is only possible if the dimension of MB is divisible by four. In fact,
the multiplicity of the eigenvalues is even for all up to at most two.

Theorem 24. The Clifford representation (13) according to Theorem 17 gives
rise to a super extension of MB if and only if the space S is restricted and
dim(MB) = 0 mod 4. The following cases are possible:

(1) If S is restricted to S′ = {~ξ ∈ S |Γ+⊗Π+~ξ = 0} the Clifford representation
has to be specified and the V ∗⊕W -invariant map {·, ·} : S′⊗S′ → V ∗⊕W
is given by

{~ξ, ~ξ}W = C1(~ξ, ~ξ) ,

{~ξ, ~ξ}V ∗ = 1
λ

∑
µ

C(~ξ, (
√

2λσ+ − αΓ−)⊗̂ΓµΠ−~ξ)e∗µ .

(2) If S is restricted to S′′ = {~ξ ∈ S |Γ+ ⊗ Π+~ξ = Γ− ⊗ Π−~ξ = 0} the Clifford
representation has to be specified.

(3) If S is restricted to S′′′ = {~ξ ∈ S |Γ+~ξ = Γ− ⊗ Π−~ξ = 0} the Clifford
representation has to be specified.
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In either case the super extension is simple and in addition trivial in case (2)
and (3).
For the sake of completeness, we note the components of {·, ·} for the restriction
in (1):

{~ξ, ~ξ}− = ±2
√

2iC(n)(ξ+
1 , ξ

−
1 ) , {~ξ, ~ξ}+ = 0 ,

{~ξ, ~ξ}µ = ∓2iC(n)(ξ−1 ,Γµξ
−
2 ) ,

{~ξ, ~ξ}−µ = ∓
√

2
λ iC

(n)(ξ−1 ,Γµξ
−
2 ) +

√
2α
λ iC(n)(ξ−1 ,Γµξ

−
1 ) .

Proposition 25. Consider a super extension on MB that is defined by a linear
pair (A,A). This yields a non-restricted SUSY extension in dimension four. In
higher dimensions a non-trivial SUSY extension can be obtained only if the kernel
of A is non trivial and the restriction is to a subset of ker(Γ+⊗A). In particular,
this is possible in dimensions eight with no further restriction and in dimension
ten if the restriction is either contained in S+

10 or S−10.
Theorem 26. − A super extension according to Theorem 24 (1) is a SUSY

extension if and only if α = 0 or∑
µ

(
C(n)(ξ−2 ,Γµξ

−
1 )Γµξ−1 − C(n)(ξ−1 ,Γµξ

−
1 )Γµξ−2

)
= 0 (20)

for all ~ξ = (ξ+
1 , ξ

−
1 , 0, ξ

−
2 )t ∈ S′.

− In the remainig cases 2. and 3. we get a SUSY extension because the super
extension is trivial.

Proposition 27. Irreducible super extensions of solvable Lorentzian symmetric
spaces of dimension D ≤ 12 are SUSY extensions that are at most canonically
restricted if the symmetric map B and the quadratic Clifford pair (c̄, d) are from
Table 2 or 3. 2,3,4

The obstruction is given by

0 = C(n)(ξ2, ξ2)dξ2 + 1
8
∑
µ,ν

C(n)(ξ2, (sd,c̄(eν)Γµ + Γµsc̄,d(eν))ξ2)Γµνξ2 (21)

and

0 = C(n)(ξ2, ξ2)c̄ξ1 + 1
8
∑
µ,ν

C(n)(ξ2, (sd,c̄(eν)Γµ + Γµsc̄,d(eν))ξ2)Γµνξ1

±
∑
µ

C(n)(ξ1,Γµξ2)sc̄,d(eµ)ξ2 ∓
∑
µ

C(n)(ξ1, sc̄,d(eµ)ξ2)Γµξ2
(22)

2Up to dimension twelve irreducible SUSY extensions are possible for D = 4, 8, 9, 10, 11, 12.
3We omit in the list the combinations and that don’t yield SUSY extensions for any choice

of parameters.
4The superscript p at the value Î indicates a pseudo monomial pair.
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where the sign depends on the choice of charge conjugation.

Table 2. Low dimensional, non-trivial, at most canonically
restricted SUSY extensions with ρ(e+) = 0

n+ 2 Î Restriction (c̄, d) B

4− 2 (−3βΓI , βΓI) 4β212

8+ 1 (−2βΓI , βΓI) β2
(

9
15

)

5 (2βΓI , βΓI) β2
(

9
15

)

1p (−2β(cos(φ) + sin(φ)Γ∗)ΓI ,
β(cos(φ)− sin(φ)Γ∗)ΓI)

β2 cos(2φ)
(

9
15

)

2 ker(Γ+ ⊗Π±) (βΓI , 0) β216

9 1 (−5βΓI , 3βΓI) 4β2
(

16
16

)

2 (5βΓI , βΓI) 4β2
(

412

915

)
10+

10−
2 S±10 (3βΓI , βΓI) 4β2

(
412

16

)

6 S±10 (−3βΓI , βΓI) 4β2
(

412

16

)

2p S±10
(c, c),
c = β(∓21+ Γ∗)ΓI

4β2
(

412

16

)
(c,−c),
c = β(1∓ 2Γ∗)ΓI

4β2
(

412

16

)

11 3 (−3βΓI , βΓI) −4β2
(

413

16

)
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Table 3. Low dimensional, irreducible, at most canonically
restricted SUSY extensions with ρ(e+) 6= 0

D = n+ 2 Restriction B

4− ker(Γ+ ⊗Π±) −2λ14

8+ ker(Γ+ ⊗Π±) −2λ16

Definition 28. An N -super extension is called natural if the bilinear form on S
is defined by a twisting C ⊗ τ and the Clifford map is defined by a pair (c′, d′) =
(c⊗ τ̃ , d⊗ τ̃) such that τ̃2 ∼ 1, and τ as well as τ τ̃ are either symmetric or skew
symmetric. We call this situation a (τ |τ̃)-twisting.

Proposition 29. Table 4 lists all possible natural 2-SUSY extensions in dimen-
sion 5,6, and 7. Therefore it fills some gaps for the missing dimensions in Table
2 by allowing a minimal extension by N = 2. 5

In this situation the obstruction is,

(
{ξ, ξ}ξ

)
o

=
√

2i
2∑

r,s,p=1
σrsi σ

op
j C

(n)(ξr;2, ξs;2)

c̄ξp;1
dξp;2


± i√

2

2∑
r,s,p=1

∑
µ

σrsi σ
op
j

(
C(n)(ξr;1,Γµξs;2) + C(n)(Γµξr;2, ξs;1)

)sc̄,d(eµ)ξp;2
0


∓ i√

2

3∑
k=0

2∑
r,s=1

∑
µ

ηkijσ
rs
k

(
C(n)(ξr;1, sc̄,d(eµ)ξs;2) + εijεjC

(n)(sc̄,d(eµ)ξr;2, ξs;1))
)Γµξo;2

0


+ i

4
√

2

3∑
k=0

2∑
r,s=1

∑
µ,ν

ηkijσ
rs
k C

(n)(ξr;2, (sd,c̄(eν)Γµ + Γµsc̄,d(eν))ξs;2)

Γµνξo;1
Γµνξo;2


for o = 1, 2 with ξ =

(
~ξ1
~ξ2

)
and ~ξp =

(
ξp;1
ξp;2

)
.

5Again, we omit in the list the combinations that don’t yield SUSY extensions for any choice
of parameters. Moreover, we omit the symmetry with respect to the chirality of the restrictions
if present. Last but not least we omit those twistings for which the components of the algebra
decouple to a sum of irreducible SUSY extensions.
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Table 4. Low dimensional, at most canonically restricted,
natural 2-SUSY extensions.

n+ 2 Twisting† Î Restriction (c̄, d) B

5 (σ2|σ0) 1 (−3βΓI , βΓI) 4β2
(

4
12

)

(σ2|τ̃) 0 (3βΓI , βΓI) −4β213

6+

6−
(σ2|σ0) 2 S±6 ⊗C2 (βΓI , 0) β214

2p S±6 ⊗C2 (βΠ∓ΓI , 0) β214

(σ2|τ̃) 0 S±6 ⊗C2 (2βΓI , βΓI) −β214

4 S±6 ⊗C2 (−2βΓI , βΓI) −β214

0p S±6 ⊗C2 (c, c),
c = β(∓31+ Γ∗) −4β214

(c,−c),
c = β(1∓ 3Γ∗) −4β214

† τ̃ ∈ span{σ1, σ2, σ3}

Proposition 30. In addition to Table 4 we list in Table 5 all possible natural
2-SUSY extensions up to dimension eleven.
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Table 5. Low dimensional, at most canonically restricted,
natural 2-SUSY extensions

n+ 2 Twisting Î Restriction‡ (c̄, d) B

4+ (σ2|σ3) 0 S+
4 ⊕ S

−
4 (3βΓI , βΓI) −4β212

(σ2|σ0) 2 S+
4 ⊕ S

−
4 (−3βΓI , βΓI) 4β212

4− (σ1|σ3) 0 S+
4 ⊕ S

−
4 (3βΓI , βΓI) −4β212

(σ1|σ0) 2 S+
4 ⊕ S

−
4 (−3βΓI , βΓI) 4β212

(σ2τ̃ |τ̃)[ 1 (βΓI , 0) β212

1p (β(cos(φ) + sin(φ)Γ∗)ΓI , 0) β2 cos(2φ)12

8−[
8+] (σ2|τ̃)†[

(σ1|τ̃)†
] 1 S+

8 ⊕ S
−
8 (−2βΓI , βΓI) β2

(
9

15

)

5 S+
8 ⊕ S

−
8 (2βΓI , βΓI) β2

(
9

15

)

1p S+
8 ⊕ S

−
8

(−2β(cos(φ) + sin(φ)Γ∗)ΓI ,
β(cos(φ)− sin(φ)Γ∗)ΓI)

β2 cos(2φ)
(

9
15

)
10+

10−
(σ2τ̃ |τ̃)[ 4 S+

10 ⊗C2 (βΓI , 0) −β218

4p S+
10 ⊗C2 (βΠ−ΓI , 0) −β218

[ τ̃ ∈ span{σ1, σ2, σ3}

† τ̃ ∈ span{σ1, σ2}

‡ S+
4k ⊕ S

−
4k ⊂ S4k ⊕ S4k = S4k ⊗C2

Remark 31. Table 6 contains a list of some further SUSY extensions and is far
from being complete.
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Table 6. Some further SUSY extensions

n+ 2 Twisting Î Restr. (c̄, d) B

6 (N = 4) (C(5)|τ̃)† 2 S+
6 ⊗ S5 (βΓI , 0) β214

2p S+
6 ⊗ S5 (βΠ−ΓI , 0) β214

4+ (N = 2)[
4− (N = 2)

] τ = σ2[
τ = σ1

] 0p S+
4 ⊕ S

−
4 (c, c), c = β(21⊗ σ3 + Γ∗ ⊗ σ0) −4β212

(c,−c), c = β(1⊗ σ3 + 2Γ∗ ⊗ σ0) −4β212

† τ̃ ∈ C`1(R5)
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[13] Piotr T. Chruściel and Jerzy Kowalski-Glikman: The isometry group and Killing
spinors for the pp wave space-time in D = 11 supergravity. Phys. Lett. B 149 (1984),
no. 1-3, 107-110.

[14] Sidney Coleman and Jeffrey Mandula: All possible symmetries of the S matrix.
Phys. Rev. 159 (1967), 1251-1256.

[15] Eugène Cremmer and Sergio Ferrara: Formulation of 11-dimensional supergravity
in superspace. Phys. Lett. B 91 (1980), no. 1, 61-66.

[16] Leonard Eugene Dickson: On quaternions and their generalization and the history
of the eight square theorem. Ann. of Math. (2) 20 (1919), 155-171.
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